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SOME GEOMETRIC INVESTIGATIONS ON THE GENERAL 
PROBLEM OF DYNAMICS. 

By Joseph Lipka. 

Received January 20, 1920. Presented February 11, 1920. 

§1. Physical Interpellations. 1) Kinetics. Consider the mo- 
tion of a system in a conservative field of force from one position 
Po to another Pi, with the sum of its kinetic and potential energies 
equal to a given constant; the system will move naturally or unguided 
along the path for which the action is least. This is known as Jacobi's 
principle of least action. Action is defined as twice the time-integral 
of the kinetic energy T, i. e. 

J "(ft) 
2 Tdt. 
(ft) 

If U is the potential energy, W is the work function (negative poten- 
tial), h is the given constant of energy, v is the velocity of the system, 
then, for a unit mass, we have the energy equation 

T + U = h, or \+-W=K, or v 2 = 2(W + h), 
and 

J2Tdt=j tfdt =J vvdt=j vds=j V2 (W + h) ds. 

The totality of trajectories for all initial conditions are thus deter- 
mined according^ to the principle of least action by 

J "(ft) /'(ft) 

vds = I V 2 (W + A) ds = minimum. 
(Po) J(ft>) 

2) Brachistochrones. If the conservative system described above 
moves not according to the principle of least action but so that the 
time of motion from P to Pi is least, the path is called a brachisto- 
chrone, and the totality of trajectories for all initial conditions are 
thus determined by 

/•«. r^ds r< ft) ds 

1 ime = \ at = I — =/ — = minimum. 

J(Po) J(Po) v «AftO V2 (W + h) 
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3) Optics. The paths of light in an isotropic medium in which the 
index of refraction v varies from point to point, are determined accord- 
ing to Fermat's principle by 



1 



'(Pi) 

v ds = minimum. 

(ft) 



Here the integral is proportional to the time. 

4) Catenaries. When a homogeneous, flexible, inextensible string 
is acted on by conservative forces, the forms of equilibrium (general 
catenaries) are determined by 



f 



(ft) 

2 (W + h) ds = minimum. 



(ft) 

5) General case; natural families. We note that each one of the 
above problems leads to a set of curves determined by an expression 
of the form 



f 



(ft) 

F ds = minimum. 
(ft) 



where F is a function of the coordinates of position only, and ds is the 
element of length in the space under consideration. The curves 
defined by such an expression may be called, following Painleve, a 
natural family. For the dynamical trajectories, brachistochrones, 
and catenaries, there are oo 1 such families corresponding to all possible 
values of the constant h; but in the optical case there is only one such 
family. 

§2. The general problem of dynamics. Consider a system 
with n degrees of freedom, i. e. the position of the system at any 
instant is determined by n independent parameters or coordinates; thus 

x = /i (x h x 2 , , x n ), y = f 2 {xi, Xi, , x„), z = f 3 (x u x 2 , , x„). 

Then 

dx_ dfidxi .df^dxn dy _ dfadxi .dfodx,, 

dt dxi dt dx n dt dt dx\ dt dx n dt ' 



and twice the kinetic energy is 



»-'-®'+@)' + ( : 



dz\ 2 dxidx k /.,/„ x 
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where the a's are functions of the n parameters x h x%,. . . ., x„. If 
the acting forces are conservative, there will exist a work function 
W(x\, £2, ... , x n ) independent of the time, and a constant of energy h 
so that T — W = h. The trajectories are then determined by 

I V 2 (W + h) V 2 dik dxi dxk = minimum. 

J(Po) k 

Employing geometric language, we may regard x\, X2, . . . . , x n as 
the coordinates of a point in a space of n dimensions, and Po and Pi as 
two points in such a space. As the element of arc length in such a 
space is given by 

ds 2 = 2 a,-*, dxi dxh, 

ik 

we are led to the problem of minimizing J F ds, where F is a function 

of the coordinates X\, x% . . . . x n and ds is the element of arc in a space 
of n dimensions. The space may be euclidean (of zero curvature), 
or non-euclidean, of constant or variable curvature. The natural 
family consists of oo 2 ("-i) curves, one through each point in each 
direction. 

If the work function W is zero, then F is a constant, and our prob- 
lem reduces to finding the curves for which 

"(ft) 

ds = minimum: 

'(.Po) 

this evidently defines the geodesies in oUr space. 

§3. Geometric Properties of a dynamical system. In 1869, 
Beltrami x proved a remarkable theorem concerning the geodesies in 
a space of n dimensions, V n . This theorem may be stated as follows : 

The oo "- 1 geodesies which pass out normally from points of any hyper- 
surface, Vn-i, form a normal hypercongruence, i. e. admits co 1 normal 
hyper surf aces, which are the loci of equal arc lengths measured from any 
one of the system of hyper surf aces. 

The theorem is a generalization of Gauss's theorem for the geo- 
desies on an ordinary surface, V 2 . 

In 1871, Lipschitz 2 announced the corresponding theorem for the 

1 E. Beltrami, Sulla teorica generate dei parametri dijferenziali. Memorie 
dell' Academia delle Scienze dell' Instituto di Bologna, series 2a, vol. 8, p; 549. 

2 R. Lipschitz, Untersuchung eines Problems der Variationsrechnung in- 
welchem das Problem der Mechanik enthalten ist, Crelle's Journal, vol. 74. 



f 

J(P, 
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general problem of dynamics; using the geometric language of natural 
families, this theorem may be stated as follows: 

The oo"-i curves of a natural family which pass out normally to any 
hyper surf ace, V n -i, form a normal hypercongruence, i. e. admit of co 1 

normal hypersurfaces, which are the loci of equal values of j F ds 

measured from any one of the system of hypersurfaces. 

This theorem is true for space of any dimensionality or any curva- 
ture. 3 

Thomson and Tait 4 had given this theorem for dynamical trajec- 
tories in a conservative field of force in a euclidean space of three 
dimensions. We quote: "If from all points on an arbitrary surface, 
particles not mutually influencing one another be projected with the 
proper velocities [so as to make the sum of the kinetic and potential 
energies have a given value] in the direction of the normals; points 
which they reach with equal actions lie on a surface cutting the paths 
at right angles." The co 1 orthogonal surfaces appear as surfaces of 
equal action. A similar theorem may be stated using the language 
of brachistochrones, or of optical light paths; in these cases the oo 1 
orthogonal surfaces appear as surfaces of equal time. 

The question arises whether the orthogonal properties stated above 
are characteristic of the trajectories under the principle of least action, 
or the brachistochrones, or the optical light waves, or general cate- 
naries, or, in short, of any natural family? In other words, does the 
orthogonal property belong exclusively to natural families of curves? 
This question may be answered in the affirmative. Using geometric 
language we may state the theorem : 

If a- system of co 2 ( n - x ) curves in space of n dimensions (euclidean or 
curved) is such that oo™- 1 curves of the system meet an arbitrary hyper- 
surface (space of n — 1 dimensions) orthogonally, and always form a 
normal hypercongruence, i. e. admit of co 1 orthogonal hypersurfaces, the 
system is of the natural type. 

Thus the system may be considered as any one of the types, dynami- 
cal or optical, discussed above. This converse of the Lipschitz theorem 
or of a generalized Thomson and Tait theorem was first proved for 



3 For a detailed discussion of these theorems and of the general problem of 
dynamics, see G. Darboux, Lecons sur la th6orie generate des surfaces, vol. 2, 
chapt. 8. See also, P. Appell, Trait6 de mecanique rationelle, vol. 2, chapt. 25. 

4 Thomson and Tait, Treatise on Natural Philosophy, vol. 1, part 1, p. 353, 
1879. 
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three dimensional spaces of constant curvature by Kasner. 5 In the 
following sections the author proves this theorem for a euclidean space 
of four dimensions (§9), then for a euclidean space of n dimensions, 
(§10), and finally for a general curved space of n dimensions, (§11). 
§5 contains a derivation of the differential equations of the natural 
family of curves by the methods of the calculus of variation. In §6 
the author gives a very simple and direct proof of the Lipschitz theorem. 
It will be noted that although the proof of the direct theorem is very 
brief, the proof of the converse theorem is quite long. 

The methods adopted for proving the converse theorems are similar 
to those used by Kasner for the three dimensional case, except that 
the use of the arc length as the parameter along a trajectory intro- 
duces a symmetry without which the rather long and complex algebraic 
expressions could hardly be handled. 6 

§4. Distance and angle. The totality of points determined by 
assigning all possible values to n variables or coordinates x\, X2,....,x„ 
are said to constitute a space, of. n dimensions, V n . If the Vs are 
expressed as functions of m variables, u\, Ui, . . . . , Um, 

Xi = fi (wi, w 2 , , Um), (i=l,2, , n) 

the totality of points thus determined are said to form a space of m 
dimensions, V m , contained in V n . In particular, if m = n — 1, we 
have a hypersurface of ri — 1 dimensions; if m = 1, we have a curve. 
The element of arc length or distance between two points Xi and 
Xi-\- dxiia. V n is defined, by a quadratic differential form 

(1) ds 2 = S audxidxk, 1 

ik 

where the a's are functions of the x's. The parameter curve x t is such 
that along it only the coordinate xi varies, the other coordinates 

5 E. Kasner, The theorem of Thomson and Tail and natural families of trajec- 
tories. Trans. Am. Math. Soc, vol. 11 (1910), pp. 121-140. 

6 Natural families of curves have been characterized geometrically in other 
ways, for euclidean spaces by E. Kasner: Natural families of trajectories: 
conservative fields of force; Trans. Am. Math. Soc, vol. 10 (1909), pp. 201-219; 
and for general curved spaces by the present writer: Natural families of curves 
in a general curved space of n-dimensions; Trans. Am. Math. Soc, vol. 13 (1912), 
pp. 77-95. 

7 We write only S and understand that the summation is to be carried 

ik 
out from 1 to n for each of the indicated subscripts, unless otherwise specified.,. 
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remaining constant; along such a curve the element of arc length 
evidently takes the form 

(2) dsi =? Vfljj dxi. 

A direction passing out from a point Xi is determined by the n 
direction cosines 

(3) * <= d?' ( - i=1 ' 2 '- •••'") 
which are related by the identity 

(4) Sfltt{(fe=l. 

it 

If ij/ 1 ) and £/ 2 ) determine two directions passing out from a point 
X{, the angle between them is given by 

(5) cos a = 2 a ik fcfl) &( 2 ), 

and hence the angle between two parameter curves a;< and .t* is 



(6) cos d>ik = 



Vtti 



dkk 



If the space is euclidean, the parameter lines at any point may be 
chosen as n mutually orthogonal straight lines, hence, from (6) and (2), 

(7) aik = if i =*= k, and an =1 (i,k = l,2,....,n) 
and the element of arc length takes the form 

(8) (fo 2 = dx? + dxi + ■ ■ ■ • + dx n \ 

§5. Differential equations of a natural family of curves. 

Our problem is to find the differential equations of the curves for 
which 

J "(A) fh 

F ds = I F V S aik dxi dxk = minimum. 
(Po) J to ik 

The variation of this integral, keeping the end points Po and Pi fixed 
must then be equal to zero. Using the usual symbol 5 as the symbol 
of variation, we have 
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d?= Pds>=2 (F 2 a ik ) dx { dx k , 

ik 

2 dt 8 (dt) = 2 — dxi dx k dxt + 22 (F 2 a it ) dx ( 8 (dxi) 
iti oxi a 

..,,.-, , d{Paik) dxidx k \ dx *. ( j \. 

. .8 (dt) = § 2 -— — -j- dt 8xi + 2 (F 2 aii) -j- 8 (dx t ): 

iki ox i at at a at 

Integrating both sides, and noting that, by partial integration, 

JC h dx- dx ■ I b f' b d dx- 

S(Po«) -j~d(8x l ) = ^(F 2 a i i)^8x l \ - / jZ (F 2 a {l )-^dt 8x, 
h a at ;( at | fo Ota at a at 

and that the first term of the right member vanishes since Sxi is zero 
at the fixed end points Po and Pi, we finally get 

p _ p f" , d (F 2 a ik ) dxjdx k d_ dxi~\ 

Jh Jk I L>4 5 ox i dt dt dt i dt J 

Since 5a; i is arbitrary, this expression will vanish if 
rf vp 2 dxi i v d(F 2 a ik ) dx t dx k ■ - 

dtV au ~di = *l^rnw> »- 1.?. ■■■-.»)■ 

Replacing rf< by F ds, this becomes : . 

(10) <fc^ a " & " 2 fI at, & * ' (/ ~ *• 2 " • ■' re)l 

For a euclidean space, we may use the relations (7), and (10) becomes 

/ , d /„dxi\ 1 dF*/dxi\ 2 „ 

(11) &(^) = 2-p^U)' «=1> 2 >-..,,) 

or, expanding and solving for ~ry 

^<=ir^ 2 /^Y_^ s ^M (?=i2 ») 

ds 2 F [dxi i \ds J ds k dx k ds J >>■■••> ■ / 

If we let L = log F, write 8 a;j = — , x" = — — , and choose the arc 
length * as the parameter along the curves, so that 



8 Throughout this paper,, primes refer to total derivatives with respect to s. 
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(12) 2 (x'iY = 1, 

» 

we get 

(13) x'i = — - if 2 —4, (i = 1, 2, . . ..,»), 

as the differential equations of the natural family in euclidean space. 
For any space, expanding (10), we get 

„ „/da a 1 da*\ , , iT^v / / ^V , ,] 
« ik\dxk dxij F\dx lik tkdxk J 

Choosing the arc length as parameter along the curves, so that 

(4) 2 a ik x'i xi = 1, 

ik 

writing L = log F, and introducing the Christoffel three-indices 
symbol of the first kind 9 



_ i / dan daui _ dajk \ 
\dxie dxi bxi J 



this becomes 

Sa^ + sTflz^ =~-'L~aux' i x'k U= 1,2,. ...,«). 
» a L ' J oxi ikdxk 

To solve these equations for x", we multiply by A m i, the minor of 
ami in the determinant a = | a^ M | divided by a itself, and sum with 
respect to I. From the properties of the determinant | ax M | we have 

(14) 2 an Ami = 0, if i ± m; S o<j yl<i =1. 
Our equations then become 

(15) x m +2 \*\x' i xi l = 2 — (A ml -x m xi), (m = 1,2, n), 

ik ( > i dxi 

where we have introduced the Christoffel symbol of the second kind 



= ?A ml \j\- 



i 
Equations (15) reduce immediately to equations (13) if we place 

9 Bianchi, Geametria dijferenziale, vol. 1, chapt. II. 
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(16) A mt = 0, if Z± m; A nm = 1, (I, m = 1, 2, ,n). 

Thus any natural family of curves is represented by differential equations 
of the form (13) for cuclidean space and of the form (15) for any space. 
Here L is an arbitrary point function. From these equations it is 
evident that, given a point Xi of V n and a direction £< through this 
point, one and only one curve of a given natural family of curves is 
determined. There are thus <» n_1 curves passing through a point and 
a totality of oo 2 ("-i) curves composing the family. 

If the function F is constant, our problem reduces to finding the 
curves for which 

(17) / ds = minimum, 
and equations (15) become 

(18) rf + 2 jj \x i z*' = 0, (m= l,2,....,n) 

the well-known equations of the geodesies in any space. 10 

§6. Proof of the direct or Lipschitz theorem. Darboux 11 
proves this by noting that the determination of the geodesies in any 
space V n , where 

ds 2 = S F 2 aa dxt dxk, 

ik 

leads to a minimizing of 

/V S F 2 aik dxi dx k = j F V S a ik dxi dx k . 
ik J ik 

If, now, the geodesies in the space V n are conformally represented in a 
space V' n in which 

ds 2 = S aikdxi dxt, 

ik 

the representing curves will evidently form a natural family in V' n . 
Since conformal representation leaves angles unchanged, the orthogr 
onal property expressed by Beltrami's theorem for the geodesies 
will be immediately carried over into the orthogonal property expressed 
by Lipschitz's theorem for a natural family. Further, since ds is 

10 Bianchi, ibid., vol. 1, p. 334. 

11 Darboux, ibid., vol. 2, p. 510. 
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transformed into F ds, the hypersurfaces which are the loci of equal 
arc lengths are transformed into the hypersurfaces which are the 
loci of equal actions. 

We shall now give a more direct proof of the Lipschitz theorem with- 
out using the Beltrami Theorem as a basis. 

Consider the equations of the natural family given by 

(M^^ d y v„ dxi 1 v d(f 2 o,-fc) dx { dx k n ■ . 

ds i ds 2F ik dxi ds ds 

Let the parameter curves x x be curves of the natural type, and let the 
parameter Xi represent the action along these curves measured from 
the corresponding intersection with a definite orthogonal parameter 
hypersurface of the system Xi = constant, e. g. x x — 0. Thus 

x x = J Fidsi = J Fi V a n dx h 

since, along the X\ parameter curves, we have by (2) 

d$i = von dx\, 
so that 

FiVaTi = 1. 

Applying equations (10) to our X\ parameter curves (along which 

Xi, xz, . . . . , x„ are all constants), we have 



dxi \o u / 



(19) _^_ 1^11 =o, (l = 2,3,....,n). 



Since the parameter curves X\ are normal to the hypersurface x\ = 0,, 
we have from (6) for the angle between the parameter curve X\ and 
any other parameter curve x h 

cos «n = — — -i= = 0, for Xi = 
V on Van 
or 

^=0, (r=2,3,....,n),fOT*i = 0. 

On 

But as shown by (19), o 1( /an is independent of x h so that 
?±1 = 0, (/ = 2, 3, . . . . , n), for all values of x t 

On 
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and hence the curves x\ are normal to all hypersurfaces X\ = constant, 
and they thus admit of oo 1 normal hypersurfaces, i. e. they form a 
normal hypercongruence; the hypersurfaces appear as surfaces of 
equal action. 

§7. Conditions for a normal hypercongruence. Consider 
first a euclidean space of four dimensions, Si. We wish to derive the 
conditions that a system of °° 3 curves in Si are such that there exists 
a system of oo 1 hypersurfaces (V 3 ) which are orthogonal to the curves. 
We write the equations of the <» 3 curves in the form 

(20) X = X (u, v, w, t), Y = Y (u, v, w, t), Z = Z (u, v, w, t), 

R = R (u, v, w, t) 

where u, v, w are three arbitrary parameters whose particular values 
Mo, Vo, wo determine uniquely a curve C , while the variable t deter- 
mines the points on this curve. 

We shall now assume that there is a hypersurface H which is or- 
thogonal to the curves; let this be determined by placing 

(21) t = t(u, v, w) 

in equations (20). Through a point (X, Y, Z, R) of such a hyper- 
surface, determined by the values u = u , v — v , w = w , there 
passes the curve 

(22) X = X (u , v , wo, t), Y = Y (u vo, w , t), Z = Z (m , v , w , t), 

R = R (u , vo, wo, t) 

and the direction-cosines of its tangent are proportional to 

dX^ dY dZ dR 
dt di' dt dt' 

Since this direction is perpendicular to our surface, we must have 

(23) —dX + ^dY + ^dZ + ^dR^O, 
■ dt dt dt dt 

where dX, dY, dZ, dR are computed from (20) audit is replaced by its 
value from (21). Now 

dX = — du H dv -\ dw -\ dt, 

du dv dw dt 



296 LIPKA. 

and similarly for dY, dZ, and dR. Introducing these values in (23), 
we get 

(24) T dt + U du + V dv + W dw = 

where 

\dt } dt du dt dv dt dw 

the summation extending over X, Y, Z, and R. The value of t must 
therefore be a function of u, v, w which satisfies equation (24). In 
order that we may have a system of hypersurfaces which are orthog- 
onal to these curves, it is necessary and sufficient that the conditions 
for integrability of equation (24) be satisfied for all values of t, u, v, w. 
These conditions are 

T (W-*l) + u (»r-*J) + r (»L-W)„o 

\dv du) \dt dv) \du dt) 

(26) T lW-*J^ + v (™- d J-) + w(**- 

\dw dv j \dt dw ) \dv 

T (w _ £EW (*! _ *J\ +u (*L _ **) m o, 

\du dw) \dt du) \dw dt) 

where the second and third of these conditions may be derived from 
the first by a cyclical interchange of U, V, W and of u, v, w. 

For a euclidean space of n dimensions, S„, the equations of the 
a> " _1 curves may be written 

(20') X t = Xi (ui, it* . . . . , «„_!, t), (« = 1, 2, n). 

The orthogonal hypersurface H is determined by placing 

(21') t = t (ui, u 2 , , U n -l) 

in (20'), and through a point Z,W of such a hypersurface, there passes 
the curve 

(22') X t = Xi ( Ml (°), «,«),. . . . , «._,©, t), (i = 1, 2,. . . .n), 

and the direction-cosines of its tangent are proportional to 

Mi,(* = l,2,....,n). 

at 



®-° 
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Since this direction is perpendicular to our surface, we must have 

(23') 2^dXi = 0. 

i dt 

where dX { is computed from (20') and t is replaced by its value from 
(21'). Now 

»-iar, ay. 

dXi= 2—du r + — dt, (t=l,2,....,n). 

r=ld«r dt 

Introducing these values in (23'), we get 

(24') Tdt+U 1 dui+U 2 du 2 + ....+ C7„_i dw„_i= 0, 

where 

(25') T = S (*£)\ 17,= S^i|^, (r - 1, 2, . .',., »- 1). 
i \ at / i at ou r 

The conditions of integrability of equation (24') are 

(260 f tm _ SUA + Uk (6U 1 _6T\ + Ur /BT_ _aUA = 

\au r dUk J \ at du T ] \dwjb dt / 

(r,k= 1, 2,....,n-l). 

Equations (26') 0M>e independent conditions; these 

must be satisfied if our system of curves is to form a normal hypercon- 
gruence. 

Equations (26') are also the conditions for a normal hypercongruence 
in any space of n dimensions, V n , if we note that the condition (23') 
for perpendicularity is replaced by 

(23") Sa^rfl^O, 

a dt 

so that equations (25') are replaced by 

(25") T = 2 aj%&£, ^-Zo^^s, (r-1,2,. . . .,«-!). 
Xju dt at \n at du r 

§8. Analytic statementof the converse theorem. Consider an 
arbitrary system of oo 2 ("-i) curves in a euclidean space of n dimensions, 
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assuming that one curve passes through each point in each direction. 
Such a system may be defined by a set of n differential equations of 
the second order — 

(27) x"i = Ft (xi, x 2 , , x n ; xi, xi, xi), (i = 1,2, ,n), 

dx ' cPzc ' 

where x\ = —- 1 , x"t = — — -, and the arc length s is chosen as parameter 
as as 2 

along the curves, so that 

(28) 2 (xtf = 1. 

i 

Here the Fi are uniform functions, analytic in the 2n arguments. 
Our problem is to find the form of the function Fi so that the m" _1 curves 
of the system which pass out orthogonally to any hypersurface in the space, 
should form a normal hypercongruence. 

Denoting the initial values of x», x\, which may be taken at random, 
subject to (28), by Xi, pi respectively, and employing X h X 2 , . . . ., X n 
as current coordinates, we may write the solution of (27) in the form 

(29) Xi = Xi+ pi (S-s) + hF t (S- sY + iMi(S -sf +...., 

, (i = 1,2,..., n), 

(30) 2^=1. 

» 

Here the Fi are expressed as functions of Xi, pi, and the Mi found by 
differentiating (27) are given by 

(31) M i =x(^p,+^F l ), (t=l,2,...,n). 

; \dxi dpi J 

Consider, now, an arbitrary hypersurface 

(32) xt= fi («i, « 2 , , Un-i), (i = 1,2,..., n). 

At each point of the surface and normal to it a definite curve of the 
given system (27) may be constructed. A certain hypercongruence 
will thus be determined. We wish to express the conditions that this 
shall be of the normal type. If the direction of the normal at any 
point of the surface is given by Pi (ui, ui, . . . , w n -i), (i'= 1,2,...., n), 
then these Pi are determined by the equations 

(33) 2P*=1; ZP,f-=0; (r=l,2, h^l). 

,• ,• du r 



GEOMETRIC INVESTIGATIONS ON DYNAMICS. 299 

The second of these conditions merely expresses the fact that the 
normal is perpendicular to the parameter curves of the surface (32). 
By differentiating (33) we have the further relations 

(34) 2P^ = 0,(r=l,2,... lB -l);S^^=2^ 
i du r i duk du r i du r dUk 

(r,k = l,2,...,ra- 1). 

We may now identify the normal at any point of the surface with the 
tangent line to the curve, so that 

(35) pt = Pi («i, w 2 , , Wn-i), (i =1,2,...., n). 

The equations of the oo"- 1 curves corresponding to the given initial 
conditions may now be written 

(36) Xi=fi+ Pit + ^ Fifi+i Mi f +...., . (t= 1,2,. ..,n), 
where t replaces S — s, and where, e. g., 

(37) Ft (u u m 2 , . . . , w„_i) = Fi {fi, / 2 , ...,/„; P h P 2 , . . . . , P„). 

The coefficients of the powers of t in (36) are thus functions of (n — 1) 
parameters u\, w 2 , . . . . , w„_i, so that the equations of the co 71 - 1 curves 
are expressed in the form (20')- In order that the system (36) form a 
normal hypercongruence, equations (26') must be satisfied. 

Applying (25') and (26') to (36), and using the conditions (33) and 
(34), we get 

dt du r du r du r dUk dUk 

OUk 

T = 2 P?+ 2<S Pi Fi+ .... =l+a2PiFrr 

i i i 

P r -Zpl + <fz.P ( ^.+ Z^)+...„ H |2j i ^.. ) . 
i ou r \ i ou r i au r j i du r 

V k = 2Pip-+t(x Pi^ + vFip-)*:: . :=t2Fif±.±:. . : 

i ■ OUk \ i OUk i oukl i dUk •..■.. 

OM r \ i dUr i OU r / OUk \i OUk i OUk 

+ ... 
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^=SFi^ + ...; — -=<(2^^^ + 2^^j 4- 
dt i du r 



dUk \i dUrdllk idUkdUr 



dt i 'dUk du r \i 'dukdu r i durdukj 

Substituting in (26') we shall get our condition in the form 

(38) «o + oi t+ a 2 f + a 3 # +....... . =0. 

Since this must vanish independent of t, every coefficient, a, must 
vanish. We find that ao vanishes identically, which is as it should be 
since the hypercongruence is normal to the initial surface t = by 
hypothesis. Let us first discuss the condition that «i vanish. This 
gives 

'(39) S ^- S ^=o, (r,t= 1,2,... .,•-!). 
Now by differentiating (37), we get 

du r I dxi du r I dpi du r 



dUk l dxi duk l dpi dUk 
and (39) becomes 

(41) s^^^-^-^1 + 2— (— %*-- 
il dxi \du r du, dUk du r ) U dpi \du r dUk 



dPid^ = Qi 
duk du r J 
(r,k = 1,2, .....n-1). 

These - conditions are therefore necessary conditions in 

J* 

order that the a> n - 1 curves belonging to the system (27) and orthogonal to 
the hyper surface (32) shall form a normal hypercongruence. 

Our problem is to find the forms of the functions Fi in order that 
this condition of orthogonality should hold for every hypersurface (32) 
taken as a base. Equations (41) must then necessarily hold for n 

arbitrary functions fi(i = 1,2, ,n). These functions may be so 

chosen that for any assigned values of u\, «2, • • • • , «n-i> the quantities 
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/i and all partial derivatives of all orders of fi with respect to the u's, 
shall take on arbitrary numerical values, or so that the quantities /<, P,-, 

— , — *, shall take on arbitrary numerical values, subject only to the 
du r du r 

relations (33) and (34). Before applying these conditions in a eu- 

clidean space of n dimensions, it will be of advantage to apply them 

to a euclidean space of four dimensions. 

§9. Proof of the converse theorem in a euclidean space of 4 
dimensions. For a space of four dimensions we may write the 
equations of the base hypersurface (32) in the form 

(32') Xi = ft (% v, w), (i = 1, 2, 3, 4), 

and the six conditions (33) and (34) as 

(33') P 1 ^ + P 2 ^+Pa?+P4^=0, (u-+v^wr 
du ou du du 

(34') ( d l± d A - d l± d l}\ + ( d ll<!k -f^^W^J^ - d J2%l\ 
\ dv du du dv J \ dv du du dv J \ dv du du dv J 

+ —]=0, (w-»»-»w) 

\ dv du du dv j 

The three necessary conditions (41) become 

(41') u i id Ii(^i d Ji _ $1%*) + i id li ( d 2}?k- *ii$l) = o, 

a dxi \dv du du dv J a dpi \ dv du du dv J 

(u — ►» — > w). 

We may evidently place each of the two summations in the left 
member of this equation equal to zero. 

Expanding the first summation in (41') we may evidently group the 
terms into the following eighteen: 

(42) pli-^f^dfi- d Ii d h) + (HE* _ Hi) ($±*h. _ tOi^) 

\dx 3 dxi) \dvdu dudvj \da;i dx^J \dv du du dv J 

+ (d£ 1 _dF 1 \ (&&_W&\ + (dFi_dFj\ (9fi9fj,_dfidfj\ 
\dxi da:i / \dv du du dv J \da;i dxi J \dv du du dv J 

12 We shall use the symbol (w — » u — > «>) *to mean that similar relations may 
be written by a cyclical interchange of u, v, w. 
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\dx2 dxi) \dv du du dv J \dx 3 dxtj \dv du dudv 

= 0, (u — > v — > w) 

To eliminate the /'s we proceed as follows. Solve (33') for the ratios 
of the p's, thus 

(43) pi : P2 : & : Pi = 



du du du 


:-— 


dfidftdfs 
du du du 


:,— 


dfidfrdf* 
du du du 




dfrdfrdfi, 
du du du 


dhdhdh 




dJxdUd^ 




^hdhdU 




%±%*%L 


dv dv dv 




dv dv dv 




dv dv dv 




dv dv dv 


dhdfcdh 




dJidhdU 




dfidfrdU 




dfidfrdf* 


dw dw dw 




dw dw dw 




dw dw dw 




<9w dw dw 



J\fl j\p J\fl 

Multiply the three equations of (42) by — -, — , — V respectively, and 

dw du dv 

add, remembering the expansions of the determinants (43) for the 

p's in terms of minors of the second order. We get 



/m _ dFs\ /dF 

\dx 3 dxi) \dx; 



(dF\ _ dF2\ _ (dFi _ §F,\ = Q 
dXi J \dx 3 dXiJ 



Similarly, multiply the three equations (42) by 



dh dfo dfi 
dw du dv 



respec- 



tively, by ;A-i^,-A respectively, and by tA t^, -r^, respectively, 
dw du dv dw du dv 

and add. We thus get the four conditions 

(9F*_dF,\ /dFj dF t \ (^*_ a I»\ = 

\dx 3 . axij \dx 2 dxtj \dx 3 dx^J 

fdF 3 _dF\\_ (dF* Wi\ ■ /gjj gjj\ _ Q 

V3zi dx 3 ) \dx x dxi) \dx 3 dxi) 

\dXi dxij \6a;i dxij \dx 2 dxi) 

/dFz dF 3 \ . fdF 3 dFA, -/dFi dF 2 \ 



(44) 
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Now, expanding the second summation in (41'), we get the fol- 
lowing 48 terms: 

dF\ /dj\dfi _ aPictfA + dF ± /dP 3 df 1 _ dPtdfi 
dpi \ dv du du dv J dpi \ dv du du dv 
+ dFi/dP 1 df 1 _ dPzdf^ + dF 1 /dP_ i df 1 _ dPidfi 
dps \dv du du dv) dp±\dv du du dv 
dF % /dPzdfo dPidfi\ dFi/dP 3 dfi dP 3 dfi 
dp% \ dv du du dv ) dps \ dv du du dv 
dFi /dPidfc _ dPidfa + dF 1 /dPidf 1 _ dPidfi 
dp4 \ dv du du dv J dpi \ dv du du dv 

m /dPsdfs _dP 1 df 1 \ m rdP ± df 1 _dP ± dfz 

dps \ dv du du dv J dpi \ dv du du dv 
dFs fdPidJs _ dPidfA dFs (dPtdfr _ dPidfi 
dpi \ dv du du dv ) dpi \ dv du du dv 



+ 
+ 



dFU/dPjdfa _ dJ\dU\ _,dF\fdPidf 1 _ dP_idjj\ 
dpi \ dv du du dv ) dpi \ dv du du dv) 
dJU/dPidfi _ dP 1 df 1 \ + dF 1 /dP3df 1 _ dPsdf, 
dpi \ dv du- du dv) . dps \ dv du du dv 



(u — > v — > w). 



We may reduce the number of terms by eliminating the multipliers of 

dFidF,dF,dF t n _. .,..., « .. .. ,3^1 , 

ihusto eliminate the coefficient of - — , we solve 



dpi' dpz' dpi dpi 






dpi' 




(33') for 










dh = 


_ pi dfi 


_Vz_<}h_V±dfa 






du 


pidu 


pi du pi du 






dh = 


— 'El d ll- 


_Pl^h_P± d U 






dv 


pi dv 


pidv pi dv 






and thus get 










dPidfi_dP 1 dfi = _pi 


fdPidfi 
\ dv du 


_?Jj<!fA_P±(Mj 
du dv) pi\ dv 


\ d Il- 


dPidfi 


dv du du dv pi 


du 


du dv , 






_nfdP 1 

pi\ dv 


.#!_ 


dPid^ 






du 


du dv. 


If we further eliminate 


dPidfi 
dv du 


dPtdfi 
du dv 
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by means of (34'), the above 48 terms reduce to 33, viz.: 



(45) \?El _ £i Mil fdPzdfi _ dPa dfA ■ TdFt _ 
[dpz Pidpzj \dv du du dv J [dpt 



+ 



[dFz _ p^dFA /dPidfs _ dPiW\ [dFi _ 
\_dpi Pi dpi] \dv du du dv J \_dp2 



P2 dF$ 

Vz dpi 



PidFi 
pidpi 



+ 



+ 



\0Ei-Pi 

\_dpi pz 

[dFi _pz 
dp 2 pi 



/dPidfc 

\ dv du 
dPidfr 

du dv 
fdPtdU 
\ dv du 
dPzdfi 

du dv 



dpi 



/dPidfi _ dPidfi\ [dFi _ pzdFi] /dPi d_u 

\dv du du dv) dpi Pidpi \ dv du 

_dPidf2\ 
du dv) 



dFi 
dp 2 



\ dv du du dv ) 



dFj 
_ d P3 



PidFi 
P-t. dpz _ 



(dPsdfi 
\ dv du 
dPzdfi 
du dv 



+ 



+ 



+ 



\dFi_Pi^_dFi + PidF 1 \ fdPidfi_dPidfi\ 
[dpi Pidpi dpi pzdpi] \ dv du du dv ) 
[dFi _P*dFi_dJj pidFs] fdPidfi_ dP 2 dfi\ 
[dp2 pidpi dpi pzdpi] \ dv du du dv ) 
[dF 1 _pzdFi_dFi + PidFz] fdPzdfz _dPzdfz\ =Q 
L^/3 Pidpz dpi pzdp 4 ] \ dv du du dv) 



(w — > fl — > w). 

The coefficients in parentheses in (45) may now be taken as inde- 
pendent quantities, and for (45) to vanish identically, we must have 
the vanishing of all the expressions in brackets. Hence, the first 8 
terms give 



dFi 

P27— - 

dpz 


dFi 
-Pit— = 
dpz 


0; 


dFi 

P3— - 

dpi 


dFz 

•P2— = 

dpi 


0; 


dF 3 

P4T 

dpi 


dFi 

P3T— = 

dpi 


= 0; 


dFi 

Pit— " 

dpi 


dFi 
-P4 — = 
dpi 


0; 


dFi 

P3T 

dpt 


dFz 

Pit— = 

dpi 


0; 


dF 2 

Pi- 

dpi 


dFi 

P2— = 

dpi 


= 0; 



dFz dFi . 

P17-7 -P3T— = 0; 



' dpi 



dpi 



dF 4 dFi n 

P2 t P* t— = 0. 

dpz dps 
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By combinations of these we get four additional relations 

dF 4 dFi . dFi dF 2 _ 6F, dF 3 

Pi~ 2>4-r— = 0; p 2 - Pit—= 0; p»- p 2 r — = 0; 

dps dfz dpt dpi op\ dpi 

dFz dF t n 

Pi- P3T—=0. 

dp 2 dpi 

These 12 relations may be written in the equivalent forms 

jj- [pfi-piF,} =0; j- (p,Fi - piF 2 ^ =0; j- (pf, - p 2 F 3 ) = 0; 

j- (?»F»- p 2 F 3 ) = 0; A ( P4 F, - frF^ = 0~ (p«F, - j*F 4 ) = 0; 

^- ( P A- P4 F,) =0; ^- ( Pl F 4 - p^F i) =0; j- UFi - Pl F 3 )=0; 

t^ ^i- P1F3) =0; ^- (ptf, - p 2 F^ = C; j- f Pi F 2 - p 2 F 4 yO. 

Hence 

(46) i ?2 ^ 1 ~ Plf 2 = ai2 ' ^ 2 ~" ^ 2 ^ 3 = an ' VlFi ~ PzFi = au ' 
I piFi — pj?i = an; PiFi — piF 3 = a 13 ; piF 2 — piFi = 024; 

where, e.g., 

(47) ai2 = ai 2 (pi, p 2 , Xi, x 2 , x 3 , Xi) ; a 23 = a^fa, Pi, xi, x 2 , x 3 , x t ) ; etc. 
The vanishing of the last three brackets in (45) gives 

(48) dFl P 1 dFi =- dF 2 P 2 dFl - dF * P s dFi - dFi P* dFs 
dpi Pidpi dp 2 p\dp 2 dp 3 p 2 dp 3 dpi Pidp t ' 

These are conditions on the forms of the as appearing in (46). To find 
these conditions we may proceed as follows: in 

dF 1 _pidF 1= dFz_p 1 dF 1 
dpi ptdpi dps p 2 dpz 

. dF t , PidF 2 

we may replace by and get 

dpi p 2 dp v 

dFi dF 2 dFi dF 2 

P2T Pit— = P2~ Pz— - 

dpi dpi dpi dpi 
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Adding jP 2 to both menibers of this equation, we evidently have 

— (psFi — piF 2 ) = t— (piF 3 — pzFi) 
dpi dp a 

or 

dan , d<*23 _ « 
dpi 3^3 

By similar procedure we finally get the conditions 

dan , da 2 3 _ „ ^L 3 _i_^i_n- ^ a 34 . da n _ flt 
dpi dp 3 dp? dp 4 dp3 dpi 

,.», dan . da n r, das* , da w dan dan n 

(49) < 1 = U; 1 = U; = U; 

dp 4 dp 2 dp 4 dpi dps dpi 

dan dag _ fl . da 2 4 da 2 3 _ » 
dpi 3p 2 * dp 4 dp3 

Hence the a's are given by 

\ an= P2 <t>i— Pi <t>2', a2s= Ps <i>2— P2 <fo; a 3 4= pi fa— P3 <t>i', 

(50) i 

(^ an= p\ 4>i— Pi4>\\ «i3= ps<t>i— Pi<fo; a 24 = p><i>2— Pi4>*\ 

where the <j>'s are arbitrary functions of the coordinates X\, X2, xs, x\ only. 
Combining (50) and (46), we must have 

Cm "i fi ~. 4>\ _ F2 — 4>2 _ Fs — <h _ Fj — <$n 

P\ pi Pi Pi 

Letting K stand for these equal ratios, (51) may be written 

(52) Fi = fa + pi K, (i = 1, 2, 3, 4). 

Multiplying by pi and summing with respect to i, we get 

J, Vi Fi=Zpi<$>i + K-Zp?, 

i i i 

and remembering that 

2 (x'i) 2 = 1, 2 x' f x'l = 

i i 

or 

2^=1, 2piFi=0, 

i i 
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we have 

and (52) becomes 
(53) 



K = —Zpifc, 



Fi= — P i 2 p k 0*, (i = .1, 2, 3, 4). 

We still have to satisfy equations (44). Substituting the values of 
the F's as given by (52) into (44), these reduce to 



(54) 



Pi 



/dfc 30 3 \ /30 4 30 2 \ /30 4 d<pa\ 
t — )+P* h. 7" -ft: — = 



\dx3 dxi) ' r "\dx2 dxtj *'\dx3 dxij 

/d03_30A_ (Wi_d$}\ + f^!_^ =0 
yitei 3av \3a:i 6*4/ \3xs dxj 

fdh _ a*\ + /30 4 _ a*A_ /a* _ 3-m 

30 3 \ . /30 3 30A , /d0i d0 2 \ „ 

-— +P2 - — — +z>3 - — r- = 



pi 



502 

,3a- 3 6x2/ \3a-i 3a- 3 / \3a:2 3zi/ 



Since these equations are to hold for arbitrary values of the p's, (the 
only condition being pi 2 + p 2 2 + J>3 2 + £>4 2 = 1), and since the ex- 
pressions in parentheses are independent of the p's, we must have 



(55) 



301 _ 302 _ 502 _ 303 503 304 

8x2 3zi 3^3 3a- 2 ' 3z4 30-3' 

304 _ 301 601 _ 303 302 304 

dx\ 6x4 8x3 dx\ dxi dx% 



Hence, the 0's are partial derivatives of a single function L(x h X2, X3, x 4 ), 
i. e. 



(56) 



dL L dL dL dL 

- . 2 _ — — ; 3 = __. 4 = __ 

dxi 0X2 0X3 OXi 



Introducing these values into (53), we finally get 



(57) 



x » i = ?k- x >2?L xL (1=1,2,3,4), 
dxi kdx k 
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and on comparison with (13), we note that these are the differential 
equations of our natural family in a euclidean space of four dimensions. 
We may therefore state the converse 

Theorem. If a system of oo 6 curves (one passing through each point 
in each direction) in a euclidean space of four dimensions is such that 
those oo 3 curves of the system which meet an arbitrary hypersurface 
(space of three dimensions) orthogonally, always form a normal hyper- 
congruence, the system is of the natural type. 

The Lipschitz theorem (§6) shows that the systems of the natural 
type actually have this property. In our discussion we have only 
considered the vanishing of a\ in the condition (38) for a normal 
hypercongruence. We may therefore state a much stronger converse. 

Theorem. If a system of oo 6 curves in a euclidean space of four 
dimensions is such thai those <» 3 curves of the system which meet an 
arbitrary hypersurface orthogonally, always meet some infinitesimally 
neighboring hypersurface orthogonally, the system is of the natural type. 

As stated in the last theorem the weaker requirement of orthogonality 
must hold for all hypercongruences of the system, for a hypercongru- 
ence may meet two neighboring surfaces orthogonally (i. e. be approxi- 
mately normal) without meeting co 1 hypersurfaces orthogonally. 

§10. Proof of the converse theorem in a euclidean space of n 
dimensions. We return to our (n — 1) (n — 2)/2 conditions 

(4i) ^/M.«) + ^f^-^iVo. 

adxi \durduk dukdu r J udpi \du r duk dUkdu r J 

(r,h= 1,2, ...,n-l) 

for a normal hypercongruence. We may evidently place each of the 

two summations in the left member of this equation equal to zero. 

By grouping the terms in the first summation, this may be written 

U \dXl OXiJ \dUkOUr dUrOUicJ 

To eliminate the/'s we proceed as follows. Solve the (n — 1) equations 

(33) zP t p-=0, (r= 1,2,... , M -1) 

i au r 

for the ratios of the P's. If we use the notation 
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(59) 



elf 

Cx M = tA (cx„ =*= c mX ) 



equations (33) and (58) may be written 

(60) cupi + c 2r p2 + c 3r p3 +....+ c nr p n = 0, (r = 1,2,... ,n - 1); 



(61) ji(*Ii_aFA 
a \dxi dxij 



Cik Cik 
Cir Cir 



= 0, (r,k = 1,2,...., n- 1). 



From the (n — 1) homogeneous equations (60) we see that the p's 
are proportional to the determinants of the matrix 



(62) 



Cll 



• Cl ...Cn ■ ■ -C m l ...C„l 



Cik 


■ ■ -Cik 


...Cik 


• • • Cmk 


• ■ • C n fc 


Cir 


■ ■ ■ Cir 


■ ■ -Cir 


• • • C m r 


• ' • @n r 



Cl, n— 1- • • C%, n— 1- • 'Cl, n— 1- • • C m , n— !• ■ - C n , n _i 



so that, e. g., if we omit the column headed by c ml we get 



(63) p ro :(-l) m+1 



Cn ■ ■ ■ Cm-l, 2 C m+ i, 1 . . . C„i 

Cl2 ...Cm-l, 2 C m +1, 2 . . .C„2 



'C\t n— !• • •Cm-l, n-1 Cm+1, n _j. . . C n , „_ 



Consider two arrays, the minors of the 2d order and the correspond- 
ing co-minors of the (n — 3) d order in q m , where gw is the determinant 
occurring in the above expression for p m , so that 



(64) 



p m = (-I)""* 1 q m . 



If we designate by c«,i, the minor of 2d! order, 



(65) 



Cik,lr = 



Cik C ik 
Cir Cir 
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and by C,*, u its corresponding co-minor of the (n — 3) d order, and 
expand by Laplace's theorem 13 in terms of the (n — 1) in — 2)/2 
minors of the 2d order formed from the columns headed Cn and cn, 
we get 

(66) q m =(—l) v [ciunCu,n + cn,aCii,a+ + c<„_ 2 ,j»_i 

^«n-2)ln-lj> 

where v is the sum of the columns in p m headed by c;i and cn. 

From the matrix (62), we see that the determinants q m , qi, and qi are 
formed by omitting the columns headed c ml) cn, and cn, respectively, 
and that, therefore, the minors of the 2d order 



@lk) mr 



Clk C m k 
Clr Cm r 



and Cjfc, mr — 



Cik Cmk 

Cir Cmr 



in the expansions for g» and qi, respectively, have the same co-minors 
of the (n — 3) d order that the minors of 2d order, c^, ; r , have in the 
expansion for q m . Designating these common co-minors by Cn, 
Cn, . . . . , C n -i, n -i, we may now write the expansions 



(67) 



q m =(— 1) <+! [Cil,l2 C12+ C,-l,(3 C13+ + C»n-2,!n-l 

C n -2, n-lj 

qi =(— l) i+ l m -V \Cil,m2.Cl2+ Cu,mZ Cvi+. ■ ■ ■+ Cin-2, mn -l 

lsn-2, t»-lj 

q ( =(-l)( i - 1 ) +("*-!) [cii, m2 Ci2+ c n ,mzCu+.. . . + c in _ 2 , m „-i 

Cn-s, n-l] 



On the other hand, if the minors of the 2d order formed from two 
columns which are not headed by two of the three terms c m \, Cn, cu, 
are multiplied by the above co-minors of the (n — d)d order, Cm, Cm, 
..... C„_ 2 , n-i, and added, we shall have the expansion of a determi- 
nant with two columns alike, and hence the sum will be equal to zero. 

Let us apply this discussion to the equations (61), involving the 
minors of the 2d order. If we expand these equations, and multiply 
the (n — 1) (n — 2)/2 equations by the above (n — 1) (n — 2)/2 
co-minors of the (n — 3) d order, Cu, Cn, . . . ., C„_2, n-i, in succes- 
sion, and then add, we shall evidently get three terms only — all the 
sums will vanish except those giving q m , qi, and qi. Equations (61) 
thus assume the form 

13 See R. F. Scott, A treatise on the theory of determinants, 1880, chapt. III. 
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«» (frf ) ( -'> w '" + (f -f )<~»~..+ 

\dx m dxij 
Substituting 

g™= (-i) m+1 p m ; qi= (-i) l+1 Pi; <z*= (-l) i+ V, 

we get, finally, 

(69) (^ _ M-l) pm - ( d Ji _ §*») l+ ( d Jl _ **-A <= o 

where i, I, m may take all values from ] to n. 
Let us now consider the vanishing of the 2d summation in (41), viz., 

,_ m dFi/dPidfi dP,dfi\ n ; . ■■ „ ■ , 

(70) s— --—-—-— —7— = 0, (r, A; = 1, 2, :.., n-1) 

« Op; \dUrOUk dUkOUrJ 

We must introduce here the identities 

(33) .Ziv3£=0 

(34) S ^^-^^ = o 
i \dukdur durdukj 

Expanding (70) we get 

(7i) s^j r(*£i'3!i-*L '^l\ + 2 ^ ( d li *k-*£i'W\± 

i dpi \du,duk dukduj ,• dpi \du r du r dukduj 

dFj/ dPndU dP m df ( \ ■ 

and we may reduce the number of terms by eliminating the coefficients 

t dF„ dFi dFi dF m -\ . . 

of- — , - — , — , . . . , — , , from the sums in (71). Thus to 

dpi dp 2 dp 3 dp m 

eliminate 

(dP 2 dfi dPtdfr 



'd]\W L _dP2df 1 X 
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dFi. 

the coefficient of in the second sum, we have from (33) 

dp2 



dfi = _ I Pi df t 
du k 



i=2j>l dUi' du r i=2Pldll r ' 



hence, 



dp2\du r duic Out du r J i=2Pi dp 2 \du r duu dukdu r J 



and 

S 



^dEj/dPtdfj dP 2 dfj\_ | \^_Pj9F 1 \(9P2dfi__dP 1 dfi\ 
i dpi \du r duk diik duj <=2 \_dp2 pidp 2 \ \du r duk dukdu,) 



■ \dp 2 pidp 2 



dl^dfc 
du r duk 



duk du 



J i=3 \_dp2 pidp2J 



dP2dfi_ _ dP2dfi\ 
du r duk duk du r J 



dF 
Similarly, we may eliminate the coefficient of _ m ~ in 



dp„, 



the mth 



sum in (71), and thus find 



(72) ^ dF <( dP ™ d h dP m dfj\_[dF m p m dF m -! ~] /dP m df m 
idp m \du r duk duicdur) \dp m p m _i dp m \\du r du k 



dP m d/„ 
dUk du r . 



+ 



»=l...m-l \dp m 



Pi dF m .i 



Pm-i dp m 



dP m dfi dP m dfi 

du, duic duk du 



:)■ 



We may consider this as a typical term, letting m assume all values 
from 1 to n cyclically, or m = 1— > 2->. . . . — > n. Substituting in (71) 
and noting that the coefficients 



dP m df m 
du, dUh 



dP m df m 



duk du r 
are still related by the identity (34), whereby 

dP n df n dP n df n _ «- x (dPidfi dPidfr 



du r duk duic du 



r i=i\du r dUk du k du,J 
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equations (71) may finally be written 



(72) S 



p n df n _i \1 / dP m df m 

'»_1 dp n J] \du r du k 

_dI\ndU\ + I 2==Z \ dFi Pi dFm ~ 1 ] (^Ml 
duicdurj m=i i=i...m-i\_dp m p m -\ dp m J \du,duk 



fdF m p m dF m -i 

\dpm Pm-1 dp m 



dF n p.. 
dPn V' 



dP m dfj 

duk du r 



=0. 



In (72) all the coefficients in parentheses may now be taken as 
independent quantities, so that for C72) to vanish identically, we must 
have the vanishing of all the expressions in brackets. Hence 



dFi dF m _i 
Vm-\ ~ Pi — = 0, 

OPm dp m 



i = 1,. . ., m 

m = 1 -»2 -. 



— 1, m + 1. . .n\ 
...->ra A 



By successive elimination of — ^—, we may write these 



dp m 



dF f 



dF k 



„"• -.-'t-fl fi,k=l,...,m-l,m + 
Vk dp m Pt dp m -°' [ m=l,2,....,n 



l...n\ 
i,k= 1, . . . , m — 1, m + 1 '. . . n 



— (Pk Fi - pi F k ) = 0, . 

a^ m U = U, « 

so that (p k Fi — piFk) can only contain pi and p k , and hence, 

(73) PkFi — piF k = a ik (pi, Pk,xi,x 2) . ..,x n ), (i,k=l,2,...,n) 

(t± ifc) 
where 

(74) a«, = — <*«. 
From (72) we further have 

3F„ Pn dF„-L dF m p m dF m -! 



dpn p n -i dp n dp m p m ^\ dp„, 



, (m = 1 



•n). 



These are conditions on the forms of the a's in (73). By successive 
subtractions, these may be written 
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. . dFt Pi 3F<_, dF k Pk dFt-x .. - 

(75) — = - — h, k = l->2->. ..->«). 

dpi pi-i dpi dp k pt_i dp k 

If k =±= i + 1, we may replace —r^ by ^-^ — — , and (75) becomes 

op. Pt-i dpi 

dFj pi aFt-i _ dF k p k aft-, 
dpi Pk-i dpi dp k pt_i dp k 

and by subtraction of F k -\ from both members, 

— (p t _i Fi - p. F*_i) = — (pt_i F* - p* Ft.!), 
or 

(76) a« t *_, = a«* ii -i ; (ft=ti + 1) . 

op*- apt 

If k = i + 1, we may replace — by ^— : — , and subtracting 

dpt Pi_i apt 

Fj_i from both members, (75) becomes 

(77) d ^Li=l = d ^hJ=l ) ( k = i + l). 

dpi dp k 

From (76) and (77) and with the help of (74), we may now write the 
series of conditions on the a's: 

(78) ^ + ^=0; .^ + ^=0; 

api dpz dp 2 dp* 

d<Xi+i,i , doii k _ a^it . d<x k , t+i _ » 



ap< + i apt ^pi 3pt t i 

Hence the a's are given by 

(79) out = pt <t>i — Pi <t>k, (i,k = 1,2,..., n) 

where the <t>'s are arbitrary functions of the coordinates X\, x», . . . , x n 
only. • 

Combining (79) and (73), we must have 
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V k Fi - Pi Fk = Pk<t>i- Pi 4>k (r, k = 1, 2, . . . , n) 
or 

F\ — <f>i F 2 — fa Fi^4>i Fk — 4>k 



(80) 



Pi P% Pi Pk 

_ F n — <j> n 
Pn 

Letting K stand for these equal ratios, (80) may be written 

(81) F i =<f, i + p i K, (t=l,2,...,n). 
Multiplying by pi and summing with respect to i, we get 

2p i Fi = 2p i <t>i + KI,p{ i , 

i i i 

and remembering that 

Sp/ = S(xJ) 2 =l; 2 pi Fi = 2 x'i x" = 0, 

i i i i 

we have 

K = — 2 pi fa, 

i 

and (81) becomes 

(82) Fi = <j>i-pi2p k <t> k (i=l,2,...,n). 

k 

Now, we must still satisfy equations (69), and this will introduce 
conditions on the forms of the <£'s. Substituting the values of the F's 
as given by (81) into (69), these reduce to 

' (i, l,m= 1,2, ...,n). 

Since these equations are to hold for abitrary values of the p's (the 
only condition being pi 2 + p 2 2 + . . . + p 2 = 1), and since the expres- 
sions in parentheses are independent of the p's, we must have 

(84) J*-?*. &«-1.2,...,«) 

dxi dXi 
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Hence, the <j>'s are partial derivatives of a single function L(x h X2, . . ., 
x„), or 

■j T 

(85) <fc = — , (i=l,2,...,n). 

dxi 

Introducing these values into (82), we finally get 

(86) £ = £k - x > tJi VLxl (i=l,2,...,n), 

dxt k ox k 

and on comparison with (13), we note that these are the differential 
equations of our natural family in a euclidean space of n dimensions. 
We may therefore state the converse 

Theorem. If a system of oo 2 <"-i) curves (one passing through each 
point in each direction) in a euclidean space of n dimensions is such that 
those oo n -i curves of the system which .meet an arbitrary hypersurface 
(space of n — 1 dimensions) orthogonally, always form a normal hyper- 
congruence, the system is of the natural type. 

The Lipschitz theorem (§6) shows that the systems of the natural 
type actually have this property. Since we have only considered the 
vanishing of <*i in the condition (38), we may here, analogous to the 
case of four dimensions, state a much stronger converse theorem. 

§11. Proof of the converse theorem in any space. In §7 we 
derived the necessary analytic conditions 

(260 T (*n_f^\ + Ut (*Ur_aT} +Ur (3L_m\ 

\du r dukj V di du r J \duie dt J 

(r,fc = l,2,....,ra-l) 



where 



dX\ dXp TT _ dX\ dX„ 



(25") r = 2a XM ^^; U r = S a x „ — ^ = 0, 
\n dt dt X/i dt dt 

(r = 1,2,..., n- 1), 

for a hypercongruence of curves 

(20') Xi = Xi (u x , Ui, , m„_i, t), (i = 1, 2, ,n) 

to be of the normal type. We may proceed exactly as in §8 and apply 
these conditions to a family of a>" _1 curves picked out from the system 
of oo 2 ^- 1 ) curves defined by 
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(27) x" = Fi (xi, %%,. ...,x n ; x[, xi,. . . .,xl), (i = 1, 2,. . ., n), 
and passing out orthogonally to an arbitrary hypersurface 

(32) Xi = fi(u h u 2 , ,u„-i), (i=l,2, ,n). 

This hypercongruence may be written 

(36) X i = fi + P i t + ^Fif + iM i f+...., (t=l,2,...,n), 
where 

(37) Ft (m, M 2 , . . . ■ . , w»-i) = Fi (/i, ft, . . . . , /»; Pi, P 2 . . . . , P.) 

and the P's are connected by identities similar to (33) and (34) but 
of a more general form, viz., 

(33') 2ax„PxP M =l; 2a x „Px? i = 0, (r - 1, 2,. . . .,n - 1); 
x w x« Cm, 

(34') S P, (2 a^ + pA) = 0, (r = 1, 2,. . . .n - 1); 

X*i \ OUr au r J 

d/ M / dP x p da X/ A _ d/„ / dP x , p 3ax M \ 

\p OU M \ OUk OUuJ Xji OM* \ Ot* r OWr/ 

(r,fc=l, 2,..., n-1). 

Before applying the conditions of orthogonality to the curves (36) 
we shall introduce considerable simplification in the work by intro- 
ducing a set of new quantities, Qi, defined by the linear transforma- 
tion 

(87) Q„ = 2ax„Px, andhence,P /1 = 2^x /I Qx 

x x 

where A^ is the minor of a\„ in the determinant a = |ax„| divided by a 
itself, so that 

(88) 2 ai„ A Xli = 0, if i ±X ; 2 ax M A Xll = 1. 
Now, the identities (330 and (340 take the much simpler form 

(89) 2Q„P M =1; 2Q M ^=0, (r = 1, 2, . . . .,n - 1); 

M » OH, 
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\ '" dllr 



+ P> 



du r J 



0, (r= 1,2, ...,n- 1); 



^ T~~ a a T~ ~ °> (n « = 1, 2, . . ., TO — 1). 

/• \3M*3M r OUrdUkJ 

Applying our condition of orthogonality, we get 



flM r 3w r 3« r 



6W* 3tt* 3m* 



T=Sa^ Px P„ + <S « Xm (Px F„ + P„ Fx) +. . . = 1 +2f2Q li F ll 

XjU X*i M 

+ ....; 
U r = Sax, Px^ + <Sa XM fPx^ + fx^ +....; 

X/i OM r X M \ dM r 3w r / 



C7* = < 



ap w 
3P„ 



U r = t S^^-ft + Sax.fx^ + 

dM r X/j 



'3w ; 



\> OM r X M 3m*/ 



3J7 

3w* 



H z > 



a 2 P. jl flQj, dP,A j. v „ . t <>% 



+ ~ 



dukdu/c 3m* durJ x„ 



+ S a x „ F x 



3m* 3m r 



+ s 3(ax £ fx)3/ / 



X/i 3m* 3m 



;] 



+ ....; 



3J7* 

dUr 



= t 



M 

3m* 



2 («"5^ + ?-"^)+ 2 «>.^ 

Mr 3M*J 



x m 3m 



+ 



The vanishing of the coefficient of the first power of t in the condition 
of orthogonality reduces to 



(91)2 
x*. 



pfax, FQ 3/„ a(q X) , FQ 3/ J | ^ f3Q M dP, 3Q, dPj =Q 

[ 3M r 3M* 3« r 3m*J h |_3Mr3M* 3m* 3M r J 



dP„ dQ^dP,. 

dUk dUkdUr 

(r,k= 1,2,.... ,n-l). 
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Now (37) may be written 

(92) Fiiu u m, . . . . , m»_i) = Fi (fi, ft, . . . . , /„; Pi, P*,...., P») 

— -f< Cfl./2> • • • >fn', Ql, Qi,- ■ ■■, Qn), 

where F'% represents the form which the function F, takes when the 
P's are expressed in terms of the Q's, by (87). Then 

dh = "- s dFidf l+x dndQ 1 

(93) du r l dxi du r l dqi du r 

duk l dxi duk I dqi duk 

with similar expressions for the partial derivatives of ax M , and (91) 
then becomes 



( 94) s pfa^fl ( d lL d JjL _ V±- d JjL 

X„(|_ d#; \du r dUk dUkdUr 

{ d(a^F{) /dQtQf, dQidf, 
dqi \durduh dUkdUr 



It [dUr dUk dllk dw r J 

(r,k =1,2 . ...,re-l). 



These (w — 1) (n — 2)/2 conditions are therefore necessary conditions 
for a normal hypercongruence. Our problem is to find the forms of 
the functions F\ or Fi in order that this condition of orthogonality 
should hold for every hypersurface taken as a base. We may simplify 
our problem by the following considerations. Since the geodesies in 
our space form a normal hypercongruence for every hypersurface as 
base, the equations of the geodesies 

™ S- -j HI ££»-'•« »» 



(95) ^ = Gx (fl> / 2 , ....,/„; P lt P 2 , .... , P.) = G{ (/„ / 2 , .../„; 

Qi,Q2,...Q„) 

must satisfy conditions (94). Substituting G{ for F{ in (94), sub- 
tracting the result from (94) and writing 
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(96) Hi = Ei-G{ 



we get 



(97) s pfa»g» /3/iff» _ &&_} + 3 K. Hi) f d 3l^jL_ 
\id L dxi \du r dUk dukduj dqi \du r duk 



dQiQh 
duk du, 



= 0, (r,&= 1,2, ...,n-l). 



Making the further -linear transformation 
(98) j; = Sa XMJ ff x ' 

equations (97) take the simple form 

(99) s d jL»( d lL%L- d A%t\ + v d Jl( d Jk%L- d Jk%i\ =0 , 

in dxi \durduk dukdurj lit dqi \du r duk dukdu r j 

(r,k= 1,2, ...,n-l). 

Here the form of J' is to be determined if the /'s are arbitrary 
functions, the only relations between the /'s and the Q's being the 
identities 

(89) 2<?„^=0, (r =1,2, ..„»- 1); 

( 90) S (^_^^=o, (r.i-1,2,. ..,»-!). 

ju \dUkOUr dUrOUrJ 

We note that equations (99) and their accompanying identities (89) 
and (90) have the same form as equations (41) and their accompanying 
identities (33) and (34), with i replaced by ju, F by J', and P by Q. 
The form of F is determined by (80) and (85), and we may therefore 
immediately write down the form of J', as 

finrfi _ ~ ( ^ >1 = *^ 2 ~ *fe _ _ J* ~ *ft« _ _ *^» ~ ^" 

where the #'s are partial derivatives of a single function L{x\, a: 2 , . . . x„), 
or 

(101) «i= — , (i= 1,2, ...,«). 
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Letting K stand for the equal ratios in (100), we may write these 

J'i = <t>i + qiK, (t= 1,2, ...,n) 

or, by (98) 

•Za u H{ = 4>i-\-qiK, (i = 1, 2, . . . n). 
x 

To solve these for H\ , we multiply by An and sum with respect to i, 
then 

Hi^^Amtn + KXAnqt. 

i i 

Hence by (87) 

Hi = XA H <t>i + Kpi. 
i 

To find the value of K, we now multiply by a^ip^, sum with respect to 
X and I, and use the relation (88), 



Now since 



2 a u p x ff i = 2 pi fo + KZ a u p x p u 

XI i XI 



2a X (p x pi = 1, 
xi 



then, by total differentiation with respect to s, we may show that 

xi txi ctei 

or 2a u p x Fi —2a,MP\Gi = = 2a X ip x Hi. 

XI XI XI 

Hence, 

< 
and 

H l = '2Aii<t>i — pi'2pi<t>i. 

i i 

Finally, replacing Hi by Fi— Gi, Gi by its value from (18), and 4>i 
by its value from (101), we get 

(102) xl+ztflx'iX^Z^iAu-x'ix'i), (Z= 1,2,... ,ra) 

ik ^ > i dXi 
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and on comparison with (15) we note that these are the differential 
equations of our natural family in any space of n dimensions. We 
may therefore state the converse 

Theorem. If a system of oo 2 ( n -!) curves (one passing through each 
point in each direction) in any curved space of n dimensions is such 
that those co"- 1 curves of the system which meet on arbitrary hyper- 
surface (space of n — 1 dimensions) orthogonally, always form a normal 
hypercongruence, the system is of the natural type. 

The Lipschitz theorem (§6) shows that the systems of the natural 
type actually have this property. Since we have only considered the 
vanishing of «i in the condition (38), we may here, analogous to the 
case in a euclidean space, state a much stronger converse theorem. 

Massachusetts Institute op Technology, 
Cambridge, Mass., January 1920. 



